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Bilevel Optimization for Differentially Private
Optimization in Energy Systems
Terrence W.K. Mak, Ferdinando Fioretto, and Pascal Van Hentenryck

Abstract—This paper studies how to apply differential privacy
to constrained optimization problems whose inputs are sensitive.
This task raises significant challenges since random perturbations
of the input data often render the constrained optimization
problem infeasible or change significantly the nature of its
optimal solutions. To address this difficulty, this paper proposes a
bilevel optimization model that can be used as a post-processing
step: It redistributes the noise introduced by a differentially
private mechanism optimally while restoring feasibility and near-
optimality. The paper shows that, under a natural assumption,
this bilevel model can be solved efficiently for real-life large-scale
nonlinear nonconvex optimization problems with sensitive cus-
tomer data. The experimental results demonstrate the accuracy
of the privacy-preserving mechanism and showcases significant
benefits compared to standard approaches.

Index Terms—Differential Privacy, Bilevel Optimization

I. INTRODUCTION

Differential Privacy (DP) [1] is a robust framework used
to measure and bound the privacy risks in computations
over datasets: It has been successfully applied to numerous
applications including histogram queries [2], census surveys
[3], [4], linear regression [5] and deep learning [6] to name
but a few examples. In general, DP mechanisms ensure privacy
by introducing calibrated noise to the outputs or the objective
of computations. However, its applications to large-scale,
complex constrained optimization problems have been sparse.

This paper considers parametric optimization problems of
the form

Opdq � min
x
fpxq s.t. gpx, dq ¥ 0, x ¥ 0, (OPT)

where x is a vector of decision variables, d is a real valued
vector of problem inputs, and gpx, dq is an abstract function
capturing all the constraints on x and d. Without loss of
generality, the paper assumes that x is non-negative. Given
a vector do of sensitive data, the task is to find a differentially
private vector d� such that d� � do and Opd�q � Opdoq.
Effective solutions to this task are useful in various settings,
including the generation of differentially private test cases for
(OPT) or in sequential coordination problems, e.g. sequential
markets, in which agents need to exchange private versions
of their data to solve O. It is possible to use traditional
differential privacy techniques (e.g., the ubiquitous Laplace or
the Exponential mechanisms) to obtain a private vector d̃ such
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that d̃ � do. However, in general, the optimization problem
(OPT) may not admit any feasible solution for input d̃ or, its
objective value Opd̃q can be far from Opdoq.

This paper aims at remedying this fundamental limitation.
Given private versions d̃ of do and f̃ of Opdoq, it proposes a
bilevel optimization model that leverages the post-processing
immunity of differential privacy to produce a new private vec-
tor d�, based on d̃, such that Opd�q � Opdoq. The paper also
presents an algorithm that solves the bilevel model optimally
under a natural monotonicity assumption. The effectiveness
of the approach is demonstrated on large-scale case studies in
electrical and gas networks where customer demands are sen-
sitive, including nonlinear nonconvex benchmarks with more
than 104 variables. The paper generalizes prior approaches
(e.g. [7]) designed to release benchmarks in energy systems.
Its main contributions are as follows:

1) It presents a general mathematical framework, that relies
on bilevel optimization, to obfuscate data do of parametric
optimization problems;
2) It proposes an efficient algorithm that solves the bilevel
optimization model under a natural monotonicity assump-
tion;
3) It demonstrates the effectiveness of the proposed method
on two case studies on energy systems and empirically val-
idates the monotonicity assumption on these case studies.
4) Finally, it demonstrates that optimal solutions to the
bilevel model can produce significant improvements in
accuracy compared to its relaxations.

II. RELATED WORK

The literature on theoretical results of Differential Privacy
(DP) is huge (e.g., [8], [9]). The literature on DP applied to
energy systems includes considerably fewer efforts. Ács and
Castelluccia [10] exploit a direct application of the Laplace
mechanism to hide user participation in smart meter datasets,
achieving ε-DP. Zhao et al. [11] study a DP schema that
exploits the ability of households to charge and discharge a
battery to hide the real energy consumption of their appliances.
Liao et al. [12] introduce Di-PriDA, a privacy-preserving
mechanism for appliance-level peak-time load balancing con-
trol in the smart grid, aimed at masking the consumption of
top-k appliances of a household. Halder et al. [13] propose
an architecture for privacy-preserving thermal inertial load
management as a service provided by load-serving entities.
Zhou et al. [14] later also present a particularly interesting
relaxed notion of a (stronger) monotonicity property for a
DC-OPF operator and shows how to use it to compute the
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TABLE I: Nomenclature.

d P N Data vector d from collection N α Indistinguishability parameter
ε Privacy parameter f Cost/Objective value
β Cost acceptance threshold S Set of optimal solutions
F Set of feasible solution O Parametric optimization problem (OPT)
vo{ṽ The original / obfuscated value v v� Optimally obfuscated value v

operator sensitivity. This enables a characterization of the
network sensitivity, which is useful to preserve the privacy
of monotonic networks. A different line of work, conducted
by Karapetyan et al. [15] quantifies empirically the trade-off
between privacy and utility in demand response systems. The
authors analyze the effects of a simple Laplace mechanism
on the objective value of the demand response optimization
problem. A DP schema that uses constrained post-processing
was recently introduced by Fioretto et al. [16] and adopted to
release private mobility data.

There are also related work on privacy-preserving imple-
mentations for the Alternating Direction Method of Multipliers
(ADMM) algorithm. Zhang et al. [17] proposed a version of
the ADMM algorithm for privacy-preserving empirical risk
minimization problems, a class of convex problems used for
regression and classification tasks. Huang et al. [18] pro-
posed an approach that combines an approximate augmented
Lagrangian function with time-varying Gaussian noise for
general objective functions. Ding et al. [19] proposed P-
ADMM, to provide guarantees within a relaxed model of
differential privacy (called zero-concentrated DP). Finally, our
recent work [20] proposed an ADMM formulation to obfuscate
power system data for the data releasing process.

In contrast to previous work, this paper proposes a gen-
eral solution for the releasing differentially private inputs of
constrained optimization problems while guaranteeing solution
feasibility and bounded distance to optimality. This work
generalizes previous results [7] that apply to power systems. In
addition, the paper extracts and reformulates the monotonicity
property and provide proofs on the optimality of the algorithm
under the monotonicity assumption. Experimental results on
power and gas networks are also provided as empirical evi-
dence for the monotonicity assumption.

III. PRELIMINARIES

The traditional definition of differential privacy [1] aims
at protecting the potential participation of an individual
in a computation. For optimization problems however, the
participants are typically known and the input is a vector
d � xd1, . . . , dmy, where di represents a sensitive quantity
associated with participant i. For instance, di may represent the
energy consumption of an industrial customer in an electrical
transmission system. This privacy notion is best captured by
the α-indistinguishability framework proposed by Chatzikoko-
lakis et al. [21] which protects the sensitive data of each
individual up to some measurable quantity α ¡ 0. As a result,
this paper uses an adjacency relation �α for input vectors
defined as follows:

d �α d
1 ô Di s.t. |di � d1i| ¤ α ^ dj � d1j ,@j � i,

where d and d1 are input vectors to (OPT) and α ¡ 0 is a
positive real value. This adjacency relation is used to protect
an individual value di up to privacy level α even if an attacker
acquires information about all other inputs dj (j � i).

Definition 1 (Differential Privacy). Let α¡ 0. A randomized
mechanism M :DÑR with domain D and range R is (ε, α)-
indistinguishable if, for any output response O � R and any
two adjacent input vectors d and d1 such that d �α d1,

PrrMpdq P Os ¤ eεPrrMpd1q P Os.

Parameter ε ¥ 0 controls the level of privacy, with small
values denoting strong privacy, while α controls the level
of indistinguishability. For notational simplicity, this paper
assumes that ε is fixed to a constant and refers to mechanisms
satisfying the definition above as α-indistinguishable.

The post-processing immunity of DP [8] guarantees that
a private dataset remains private even when subjected to
arbitrary subsequent computations.

Theorem 1 (Post-Processing Immunity). Let M be an α-
indistinguishable mechanism and g be a data-independent
mapping from the set of possible output sequences to an
arbitrary set. Then, g �M is α-indistinguishable.

A real function f over a vector d can be made indistin-
guishable by injecting carefully calibrated noise to its output.
The amount of noise to inject depends on the sensitivity ∆f of
f defined as ∆f � maxd�αd1 }fpdq � fpd1q}1 . For instance,
querying a customer load from a dataset d corresponds to an
identity query whose sensitivity is α. The Laplace mechanism
achieves α-indistinguishability by returning the randomized
output fpdq�z, where z is drawn from the Laplace distribution
Lap p∆f {εq [21].

Table I summarizes the notation adopted throughout the
paper.

IV. DIFFERENTIALLY PRIVATE OPTIMIZATION

A. Problem Definition

Consider the parametric optimization problem (OPT), a
sensitive vector do, an α-indistinguishable version d̃ of do,
and an approximation f̃ of fo � Opdoq. For instance, d̃ can
be obtained by applying the Laplace mechanism on identity
queries on all di; f̃ can be a private version of Opdoq, or
the value Opdoq itself if it is public 1 which is typically the
case when the optimization is a market-clearing mechanism, or
an approximation of Opdoq obtained using public information

1 Previous work [8], [22] has shown that even if an attacker has a hold
on some publicly available information about the data the privacy loss on the
data set is still bounded by the differential privacy mechanism.
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only (e.g., a public forecast of do). The paper simply assumes
that |Opdoq � f̃ | ¤ βo for some user defined value βo ¡ 0,
which is not restrictive. Note that the assumption obviously
holds when fo is public. The goal is to find a vector d� using
only d̃, f̃ , and the definition of (OPT) such that

d� � d̃ and Opd�q � f̃ .

Observe that, by Theorem 1, d� will be α-indistinguishable.
It will be close to do if d̃ is close to do. Moreover, (OPT)
is feasible for d� and Opd�q will be close to Opdoq if f̃ is.
The paper uses Spdq to denote the set of optimal solutions to
(OPT), i.e.,

Spdq � argmin
x

fpxq s.t. gpx, dq ¥ 0, x ¥ 0,

and Fpdq to denote the set of feasible solutions, i.e.,

Fpdq � tx | gpx, dq ¥ 0, x ¥ 0u.

The paper assumes that Fpdoq is not empty.

B. The Bilevel Optimization Model

The problem defined in Section IV-A can be tackled by a
bilevel optimization model BL, i.e.,

d� � argmin
d

}d� d̃}22 (BL1)

s.t. |Opdq � f̃ | ¤ β. (BL2)

Its output is a private d� whose L2-distance to d̃ is minimized
and whose value Opd�q is in the interval rf̃ � β, f̃ � βs for a
parameter β ¥ βo. To make the bilevel nature more explicit,
the above can be reformulated as

min
d,x�

}d� d̃}22 (BL1’)

s.t. |fpx�q � f̃ | ¤ β (BL2’)
x� � argmin

x¥0
fpxq s.t. gpx, dq ¥ 0. (Follower)

Note that do is a feasible solution to (BL), but not necessarily
optimal. The set of optimal solutions to (BL) is denoted
by SBL and the set of feasible solutions by FBL. If the
private data d̃ satisfies (BL2) and does not require any post-
processing, it is returned by model BL (i.e. d� � d̃).

Theorem 2. d� P SBL implies }d� � do}2 ¤ 2}d̃� do}2.

Proof. Theorem 2 generalizes a prior result from [7], [23].

}d� � do}2 ¤ }d� � d̃}2 � }d̃� do}2

¤ 2}d̃� do}2.

where the first inequality follows from the triangle inequality
on norms and the second inequality follows from }d��do}2 ¤
}do � d̃}2 by optimality of d� and do P FBL.

It implies that, when a Laplace mechanism produces d̃, a
solution d� P SBL is no more than a factor of 2 away from
optimality since the Laplace mechanism is optimal for identity
queries [24]. In other words, (BL) restores feasibility and near-
optimality at a constant cost in accuracy. In practice, as shown
in Section VI, d� is typically closer to do than d̃ is.

d1
<latexit sha1_base64="ZxRSfMfo+2sNpHSxJaUBxizQuic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWw2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZgOlIgEo2ilh7Dv9csVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/dUrOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0bU/ESrNkCu2WBRlkmBCZn+TUGjOUI4toUwLeythQ6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AHud42Q</latexit>

�
<latexit sha1_base64="EpwadKl79nuFFVBzWqBryCC0A38=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k90KOtF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHFJI6o</latexit>

O(d1)
<latexit sha1_base64="dDEvf/sogCBx9hdTHiNI12y7Ly4=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZSkCnosevFmBWsLbQibzbZdutmE3U2hhP4TLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6u0tr6xuVXeruzs7u0f2IdHTypOJaFtEvNYdgOsKGeCtjXTnHYTSXEUcNoJxre535lQqVgsHvU0oV6Eh4INGMHaSL5t9yOsRwTz7H5WC3333LerTt2ZA60StyBVKNDy7a9+GJM0okITjpXquU6ivQxLzQins0o/VTTBZIyHtGeowBFVXjZPPkNnRgnRIJbmCY3m6u+NDEdKTaPATOY51bKXi/95vVQPrr2MiSTVVJDFoUHKkY5RXgMKmaRE86khmEhmsiIywhITbcqqmBLc5S+vkqdG3b2oNx4uq82boo4ynMAp1MCFK2jCHbSgDQQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gC9j5MR</latexit>

�1
<latexit sha1_base64="C+gwiyOnqnQXOhlFdeSHSKm6F6o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we8Mo/E</latexit>

kdi � d̃k
<latexit sha1_base64="HkEUcfJ7tCMAGFNhjk5bDRDUfVo=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwY0mqoMuiG5cV7AOaECaTSTt08mDmRqhp8VfcuFDErf/hzr9x2mahrQcuHM65l3vv8VPBFVjWt7G0vLK6tl7aKG9ube/smnv7LZVkkrImTUQiOz5RTPCYNYGDYJ1UMhL5grX9wc3Ebz8wqXgS38MwZW5EejEPOSWgJc88dEY48Dg+ww5wEbA8GDsjz6xYVWsKvEjsglRQgYZnfjlBQrOIxUAFUaprWym4OZHAqWDjspMplhI6ID3W1TQmEVNuPr1+jE+0EuAwkbpiwFP190ROIqWGka87IwJ9Ne9NxP+8bgbhlZvzOM2AxXS2KMwEhgRPosABl4yCGGpCqOT6Vkz7RBIKOrCyDsGef3mRtGpV+7xau7uo1K+LOEroCB2jU2SjS1RHt6iBmoiiR/SMXtGb8WS8GO/Gx6x1yShmDtAfGJ8/kVWUqg==</latexit>

f
<latexit sha1_base64="aj1VrWgqSrqkgqJ/bLgtsTmRK/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzD+M7g==</latexit>
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Distance to perturbed value

d2
<latexit sha1_base64="m42xbKfn83Ev9B2AixOxvo672jQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM1m2y7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkLvc7T9xYEelHnMbcV3SkxVAwirkUDurlQaXq1tw5yCrxClKFAs1B5asfRixRXCOT1Nqe58bop9SgYJLPyv3E8piyCR3xXkY1Vdz66fzWGTnPlJAMI5OVRjJXf0+kVFk7VUHWqSiO7bKXi/95vQSHN34qdJwg12yxaJhIghHJHyehMJyhnGaEMiOyWwkbU0MZZvHkIXjLL6+Sdr3mXdbqD1fVxm0RRwlO4QwuwINraMA9NKEFDMbwDK/w5ijnxXl3Phata04xcwJ/4Hz+ACUPjaU=</latexit>

O(d2)
<latexit sha1_base64="/birAHVqASo+i6+iF1GfqroTtsw=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZSkCnosevFmBWsLbQibzbZdutmE3U2hhP4TLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6u0tr6xuVXeruzs7u0f2IdHTypOJaFtEvNYdgOsKGeCtjXTnHYTSXEUcNoJxre535lQqVgsHvU0oV6Eh4INGMHaSL5t9yOsRwTz7H5WC/3GuW9XnbozB1olbkGqUKDl21/9MCZpRIUmHCvVc51EexmWmhFOZ5V+qmiCyRgPac9QgSOqvGyefIbOjBKiQSzNExrN1d8bGY6UmkaBmcxzqmUvF//zeqkeXHsZE0mqqSCLQ4OUIx2jvAYUMkmJ5lNDMJHMZEVkhCUm2pRVMSW4y19eJU+NuntRbzxcVps3RR1lOIFTqIELV9CEO2hBGwhM4Ble4c3KrBfr3fpYjJasYucY/sD6/AG/FJMS</latexit>

�2
<latexit sha1_base64="fldWOC7F5GDRFgiYN+n1jRnyMnk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWw2k3bpZhN3N0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnsgHM07Rj+lA8ogzaqzU6YUoDO3X+uWKW3XnIKvEy0kFcjT65a9emLAsRmmYoFp3PTc1/oQqw5nAaamXaUwpG9EBdi2VNEbtT+b3TsmZVUISJcqWNGSu/p6Y0FjrcRzYzpiaoV72ZuJ/Xjcz0bU/4TLNDEq2WBRlgpiEzJ4nIVfIjBhbQpni9lbChlRRZmxEJRuCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBAwDO8wpvz6Lw4787HorXg5DPH8AfO5w+9to/F</latexit>

�3
<latexit sha1_base64="VH3H7VZTPR+awRr9M6CMc3KCNPE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvZr/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFa9Wqd5flus3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Oo/G</latexit>

d3
<latexit sha1_base64="/8LkXE4gxgMHArl1CMeMqlOQnpE=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgqiStoMuiG5cV7APaUCaTSTt0HmFmIpTQX3DjQhG3/pA7/8akzUJbD1w4nHMv994TxJwZ67rfTmljc2t7p7xb2ds/ODyqHp90jUo0oR2iuNL9ABvKmaQdyyyn/VhTLAJOe8H0Lvd7T1QbpuSjncXUF3gsWcQItrkUjpqVUbXm1t0F0DrxClKDAu1R9WsYKpIIKi3h2JiB58bWT7G2jHA6rwwTQ2NMpnhMBxmVWFDjp4tb5+giU0IUKZ2VtGih/p5IsTBmJoKsU2A7MateLv7nDRIb3fgpk3FiqSTLRVHCkVUofxyFTFNi+SwjmGiW3YrIBGtMbBZPHoK3+vI66TbqXrPeeLiqtW6LOMpwBudwCR5cQwvuoQ0dIDCBZ3iFN0c4L86787FsLTnFzCn8gfP5AyaUjaY=</latexit>

O(d3)
<latexit sha1_base64="kOSMqXJWnMJeTA7T47WXYveqJRQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyVpBV0W3bizgn1AG8JkMmmHTh7MTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1zvIQzqSzr2yhtbG5t75R3K3v7B4dH5vFJV8apILRDYh6Lvocl5SyiHcUUp/1EUBx6nPa8yV3u96ZUSBZHT2qWUCfEo4gFjGClJdc0hyFWY4J59jCv+W7z0jWrVt1aAK0TuyBVKNB2za+hH5M0pJEiHEs5sK1EORkWihFO55VhKmmCyQSP6EDTCIdUOtki+RxdaMVHQSz0ixRaqL83MhxKOQs9PZnnlKteLv7nDVIV3DgZi5JU0YgsDwUpRypGeQ3IZ4ISxWeaYCKYzorIGAtMlC6rokuwV7+8TrqNut2sNx6vqq3boo4ynME51MCGa2jBPbShAwSm8Ayv8GZkxovxbnwsR0tGsXMKf2B8/gDAmZMT</latexit>

O(d̃)
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Fig. 1: Illustrating the Intuition Underlying OÒ.

C. High Point Relaxation (HPR)

Bilevel optimization is computationally challenging. It is
strongly NP-hard [25] and even determining the optimality of
a solution [26] is NP-hard. The High Point Relaxation (HPR),
defined as

dh � argmin
d,x¥0

}d� d̃}22 (HPR1)

s.t. gpx, dq ¥ 0 (HPR2)

|fpxq � f̃ | ¤ β (HPR3)

is an important tool in bilevel optimization. Due to the nature
of relaxation, Opdhq ¤ Opd�q. Theorem 2 also holds for
(HPR), i.e., }dh � do}2 ¤ 2}d̃ � do}2. The set of optimal
solutions to (HPR) is denoted by SHPR and its set of feasible
solutions by FHPR. For simplicity, pd, xq P SP and d P SP

are both used to denote an optimal solution to a problem (P)
and its projection to d.

D. Solving the Bilevel Model

While bilevel optimization is, in general, computation-
ally challenging, Model BL presents a substantial structure:
(Follower) minimizes f but (BL2’) restrains it to be in a tight
interval and (BL1’) keeps the potential solution close to d̃.
The proposed solution technique leverages these observations
and an additional insight derived from practical applications.

a) Intuition: Consider a pair pd̄, x̄q such that x̄ ¥ 0,
gpx̄, d̄q ¥ 0, and |fpx̄q � f̃ | ¤ β. Note that x̄ is not
necessarily an optimal solution (i.e., a minimizer) to Problem
(Follower). However, if the optimal objective value Opd̄q is
such that Opd̄q ¥ f̃ � β, then d̄ P FBL. The interesting
case is when Opd̄q   f̃ � β. The proposed solution method
recognizes that, in many optimization problems with sensitive
data, d̄i represents some data about participant i, such as
her electricity consumption. Assume, for instance, that d̄
represents the customer demands (the reasoning is similar if
the data represents prices and reversed if the data represents
production capabilities). By increasing d̄i, the value Opd̄q is
expected to rise as well. The solution technique exploits this
insight: It tries to find solutions that maximize the customer
demands while staying within a small distance of d̃. In so
doing, it restricts attention to input vectors in the set N defined
as

N � td | Dx ¥ 0 : gpx, dq ¥ 0 and |fpxq � f̃} ¤ βu.
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b) Solution Method: This section presents an effective
algorithm for solving the bilevel optimization problem (BL)
when (OPT) is monotone with respect to the sensitive data,
capturing the above intuition.

Definition2 (Monotonicity). (OPT) is monotone if there exists
a proxy concave function m : <m Ñ < such that if, for all
d1, d2 P N , mpd1q ¥ mpd2q ñ Opd1q ¥ Opd2q.
Note that the monotonicity assumption applies only to input
vectors in N . While monotonicity is unlikely to be true for
general parametric optimization problems O, since they can be
nonconvex, the computational results reported in Section VI
illustrates that this property holds on several real and realistic
benchmarks.

To solve bilevel optimization problems over a monotone
follower, the approach relies on solving optimization problems
of the form

OÒpδq � max
d,x¥0

mpdq (PP1)

subject to gpx, dq ¥ 0 (PP2)

|fpxq � f̃ | ¤ β (PP3)

}d� d̃}22 ¤ δ (PP4)

The set of optimal and feasible solutions to OÒpδq are denoted
by SÒpδq and FÒpδq respectively. For a given δ, OÒpδq finds
a vector d̄ P N that maximizes mp�q but remains within a
distance δ of d̃ . Since, by monotonicity, mp�q is a proxy
for maximizing the optimal cost for the optimization problem
Op�q, the optimization can be viewed as searching for a
feasible solution of (BL) within a distance δ of d̃ which
maximizes Op�q. Figure 1 illustrates the role of OÒ. Vector
di P N is the optimal solution of OÒpδiq. As the distance δi
increases, di � OÒpδiq and Opdiq should increase as well.

Under the monotonicity assumption, (BL) will be shown
equivalent to the following optimization problem:

min
d,δ¥0

δ s.t. rd P SÒpδq ^ Opdq ¥ f̃ � βs (BLM)

which is defined only in terms of O and OÒ. Observe that δ
is a scalar and hence it is natural to solve (BLM) using binary
search as depicted in Algorithm (1). The algorithm receives as
input a tuple xδl, δu, ηy, where δl and δu are lower and upper
bounds on the optimal value δ� for (BLM), and produces
an η-approximation to (BLM). Algorithm (1) is a simple
binary search on the value δ alternating the optimizations of
O and OÒ. For a given δ, line 3 solves OÒ. If the resulting
optimization satisfies the second constraint of (BLM), a new
feasible solution to (BL) is obtained and the upper bound can
be updated. Otherwise, Algorithm (1) has identified a new
lower bound. Note that, in practice, good lower and upper
bounds are often available. For instance, it is possible to use
an optimal solution dh of (HPR) and set δl � δh � }dh� d̃}22.
To obtain δu, one can start with δh and continue by doubling
its value iteratively until Lemma 1 below applies.

c) Correctness: It remains to prove the correctness of
the solution technique. The following two lemmas capture
important properties of OÒ. The first lemma shows that, when

Algorithm 1: Solving the BLM Optimization Problem.

Inputs : xδl, δu, ηy
Output: An η-approximation to (BL)

1 while δu � δl ¡ η do
2 δ Ð δl�δu

2
3 solve OÒpδq and let pdÒ, xÒq be an optimal solution
4 δÒ Ð }dÒ � d̃}

5 if OpdÒq ¡ f̃ � β then δu Ð δÒ else δl Ð δ ;

6 return SÒpδuq

δ is large enough, OÒpδq always returns a feasible solution to
(BL).

Lemma 1. Let δo � }do � d̃}22 ¤ δo and pdÒ, xÒq P SÒpδoq.
Then dÒ P FBL.

Proof. By definition of δo, do P FÒpδoq and there exists xo

such that the pair pdo, xoq satisfies conditions (PP2)–(PP4).
Since pdÒ, xÒq P SÒpδoq, mpdÒq ¥ mpdoq and, by monotonic-
ity, OpdÒq ¥ Opdoq ¥ f̃ � β. By (PP3), fpxÒq ¤ fo� β and,
by (PP2), OpdÒq ¤ fpxÒq. Hence

f̃ � β ¥ fpxÒq ¥ OpdÒq ¥ Opdoq ¥ f̃ � β

and dÒ satisfies (BL2).

The second lemma shows that there is no feasible solution
to (BL) within distance 9δ of d̃ when Op 9δq returns a solution
d that violates (BL2).

Lemma 2. Let p 9d, 9xq P SÒp 9δq and Op 9dq   f̃ � β. Then,

@df P FBL : }df � d̃}22 ¡
9δ.

Proof. Consider df P FBL and assume that }df � d̃}22 ¤
9δ,

which implies that df P FÒp 9δq. By optimality of 9d, mp 9dq ¥
mpdf q and, by monotonicity, Op 9dq ¥ Opdf q. By (BL2),
Opdf q ¥ f̃ � β which contradicts Op 9dq   f̃ � β.

These two lemmas make it possible to prove the equivalence
of (BL) and (BLM) when (OPT) is monotone.

Theorem 3. When (OPT) is monotone, (BL) and (BLM) are
equivalent.

Proof. Let pd�, δ�q be the optimal solution to (BLM). Such
a solution always exists by Lemma 1 and }d� � d̃}22 ¤ δ�.
By definition of OÒ, Fpd�q � H and Opd�q ¤ f̃ � β. Since
Opd�q ¥ f̃ � β by definition of (BLM), d� P FBL.

Consider now δ�   δ� and a solution d� P SÒpδ�q. If such
a solution exists, Opd�q   fo � β by optimality of δ�. By
Lemma 2, it comes that @df P FBL : }df � d̃}22 ¡ δ�. Hence,
d� is also optimal for (BL).

It remains to show that the algorithm computes an η-
approximation.

Theorem 4. Algorithm (1) computes an η-approximation of
(BL) when (OPT) is monotone.

Proof. Let d� be an optimal solution to (BL). Upon termina-
tion of Algorithm (1), it comes that δl ¤ }d� � d̃}22 ¤ δu.
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Model 1 OOPF: AC Optimal Power Flow

variables: Sgi , Vi @i P N, Sij @pi, jq P E Y ER

minimize: OpSdq �
¸

iPN

c2ip<pSgi qq
2 � c1i<pSgi q � c0i (3)

subject to: =Vi � 0, i � minN (4)

vli ¤ |Vi| ¤ vui @i P N (5)

θlij ¤ =pViV
�
j q ¤ θuij @pi, jq P E (6)

Sgli ¤ Sgi ¤ Sgui @i P N (7)

|Sij | ¤ suij @pi, jq P E Y ER (8)

Sgi � Sdi �
°
pi,jqPEYER Sij @i P N (9)

Sij � Y �
ij |Vi|

2 � Y �
ij ViV

�
j @pi, jq P E Y ER (10)

Moreover, if du P SÒpδuq, it follows that }du � d̃}22 ¤ δu.
Hence, δl ¤ }d� � d̃}22 ¤ }du � d̃}22 ¤ δu.

d) Discussion: In general, bilevel optimization is ex-
tremely difficult and general techniques and reformulations
are often challenging to solve. This paper isolates a class
of bilevel problems where the optimal cost of the follower
subproblem can be inferred, through monotonicity, by a proxy
function that depends on variables controlling also the costs
of the leader problem (BL1). In game-theoretical settings, the
proxy function serves as a bridge between the leader decisions
to the costs of the follower. The existence of such a monotone
function m depends on the privacy application but is natural
in energy systems where the customer load/demand must be
protected. Indeed, the load appears linearly in flow balance
constraints and load increases almost always lead to cost
increases. Exploring other classes of problems (e.g. bounded
monotonicity) will be left as future work.

V. APPLICATIONS ON ENERGY SYSTEMS

This section describes two substantial case studies for
evaluating the privacy mechanism: optimal power flow in
electricity networks and optimal compressor optimization in
gas networks. Both models are nonlinear and nonconvex.

a) Optimal Power Flow: Optimal Power Flow (OPF) is
the problem of finding the best generator dispatch to meet
the demands in a power network. A power network N can be
represented as a graph pN,Eq, where the nodes in N represent
buses and the edges in E represent lines. The edges in E
are directed and ER is used to denote those arcs in E but
in reverse direction. The AC power flow equations are based
on complex quantities for current I , voltage V , admittance
Y , and power S, and these equations are a core building
block in many power system applications. Model 1 shows the
AC OPF formulation, with variables/quantities shown in the
complex domain. Superscripts u and l are used to indicate
upper and lower bounds for variables. The objective function
OpSgq captures the cost of the generator dispatch, with Sg

denoting the vector of generator dispatch values pSgi | i P Nq.
Constraint (4) sets the reference voltage angle to zero for
the slack bus i P N to eliminate numerical symmetries.
Constraints (5) bound the voltage magnitudes, and constraints
(6) limit the voltage angle differences for every transmission

Model 2 OOGF: Optimal Gas Flow

variables: pi, qi @i P J , qij @pi, jq P P, Rij @pi, jq P C
minimize: Opqq �

¸

pi,jqPC

µ�1|qij |pmaxtRij , 1u
2pγ�1q{γ � 1q

(11)
subject to:

°
pi,jqPP qij �

°
pj,iqPP qji � qi, @i P J (12)

pi
l ¤ pi ¤ pi

u @i P N, qij
l ¤ qij ¤ qij

u @pi, jq P P
(13)

Rij
l ¤ Rij ¤ Rij

u @pi, jq P C (14)

pi � pTi @i P JB , qi � 0 @i P J T , qi � qdi i P JD

(15)

R2
ijp

2
i � p2j � Lij

λa2

DijA2
ij

qij |qij | @pi, jq P C (16)

p2i � p2j � Lij
λa2

DijA2
ij

qij |qij | @pi, jq P P � C (17)

lines/transformers. Constraints (7) enforce the generator output
limits, and constraints (8) impose the line flow limits. Finally,
constraints (9) capture Kirchhoff’s Current Law imposing
the flow balance across every node, and constraints (10)
capture Ohm’s Law describing the AC power flow across
lines/transformers.

b) Optimal Compressor Optimization: Optimal Gas
Flow (OGF) is the problem of finding the best compression
control to maintain pressure requirements in a natural gas
pipeline system. A natural gas network can be represented
as a directed graph N � pJ ,Pq, where a node i P J
represents a junction point and an edge pi, jq P P represents
a pipeline. Compressors (C � P) are installed in a subset
of the pipelines for boosting the gas pressure p in order to
maintain pressure requirements for gas flow q. The set JD of
gas demands and the set J T of transporting nodes are modeled
as junction points, with net gas flow qi set to the gas demand
(qdi ) and zero respectively. For simplicity, the paper assumes
no pressure regulation and losses within junction nodes and
gas flow/flux are conserved throughout the system. A subset
J B P J of the nodes are regulated with constant pressure pTi .
The length of pipe pi, jq is denoted by Lij , its diameter by
Dij , and its cross-sectional area by Aij . Universal quantities
include isentropic coefficient γ, compressor efficiency factor
µ, sound speed a, and gas friction factor λ. Model 2 depicts
the OGF formulation. The objective function Opqq captures
the compressor costs using the compressor control values
pRij |pi, jq P Cq. Constraints (12) capture the flow conversation
equations. Constraints (13) and (14) capture the pressure, flux
flow, and compressor control bounds. Constraints (15) set
the boundary conditions for the demands and the regulated
pressures. Finally, constraints (16) and (17) capture the steady-
state isothermal gas flow equation that describes the pressure
loss mechanics within gas pipes.

c) Obfuscation: In both networks, customer demands are
sensitive and are associated with customer activities. These
quantities always appear in the flow conservation constraints,
which are linear. Increasing these values obviously requires
more (electricity and gas) production and hence one can expect
the cost to increase. This is not always the case, because of
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Fig. 2: Gaslib-135: OGF costs and L2-distance to δ̃ as a
function of the number of iterations for parameters α � 0.1
and β � 1%.

the engineering constraints on voltages and pressures and the
lower bounds of the production units, for instance. However, in
practice, because of reliability constraints, these constraints are
rarely binding at optimality and one may expect the systems to
behave monotonically around the optimality point. The above
is validated in the experimental results.

VI. EXPERIMENTAL EVALUATION

a) Setting: The experiments were performed on a variety
of NESTA power systems [27] and natural gas test systems
from [28], including test instances from GasLib [29]. Param-
eter ε is fixed to 1.0 and the indistinguishability level α varies
from 10�1 to 101 (in per unit notation). The fidelity parameter
β varies from 0.1% to 10% of value f̃ � fo. Convergence
parameter η is set to 10�3 (in per unit). The lower bounds
and upper bounds are initialized as specified in prior sections.
The solution technique is limited to 3000 calls to OÒ. The
models are implemented with PowerModels.jl [30] with the
nonlinear solver IPOPT [31]. Note that some of the test cases
have more than 104 variables.

b) Behavior of the Solution Technique: Figure 2 shows
how the costs (O and OÒ) and L2-Distance to δ̃ typically
change when running Algorithm 1 and its initialization. The
L2-Distance to d̃ increases initially to find a solution within
the feasible cost range (shaded area). The binary search then
finds the optimal distance in a few iterations. (PP4) is usually
binding when optimizing OÒ.
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93000

94000
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3400
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Fig. 3: IEEE-39 (left) IEEE-118 (right): OPF cost as a function
of the L2-distance to δ̃ for parameters α � 0.1 and β � 1%.

c) Convergence and Computational Efficiency: The ex-
perimental results demonstrate the robustness and scalability
of the approach. Tables II and III depict the average CPU times
(in seconds) and average number of calls to OÒ (and thus O)
also over 50 runs. All instances (except one2) converge with
a very small number of iterations. Even large-scale test cases
with more than 104 variables are solved in a few iterations.
The bilevel model is thus a truly practical approach to demand
obfuscation of these networks.

d) Monotonicity: Figures 3 and 4 illustrate the interpo-
lation of the optimal values OÒ (y-axis) with the respect to
their distances to δ̃ (x-axis) obtained while solving the bilevel
model. The shaded area shows the feasible cost range. The
results summarize 50 runs (each with a different random seed),
each represented by a colored curve. As can be seen, the
monotonicity property holds in these real networks. Note also
the single points in the gas plot: These are cases where the
high-point relaxation can be made optimal in one iteration.

e) The Benefits of the Bilevel Model: Tables IV and V
show the benefits of the bilevel model compared to the HPR.
The HPR returns a solution dh in N with the smallest distance
to d̃. However, it is typically the case that Opdhq   f̃ � β.
The tables report the relative distance of Opd�q and Opdhq
to f̃ for various values of β. Numbers are bold for instances
violating the β thresholds. Table V shows that, on the gas net-

2The failure to converge on IEEE-73 (marked with a superscript) is due to
a poor starting point from the HPR.
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TABLE II: OPF: Average CPU times and number of optimizations (50 runs) for parameters α � t0.1, 1.0, 10.0u and β � 1%.

α 0.1 1.0 10.0 0.1 1.0 10.0

Benchmark Time (s) Time (s) Time (s) Opt. Opt. Opt.

case14 ieee 0.71 0.58 1.01 10.22 4.40 6.10
case24 ieee rts 1.52 1.40 2.30 8.90 4.14 5.10

case29 edin 0.67 36.84 23.50 1.00 40.36 27.78
case30 as 0.90 0.90 0.85 4.62 4.28 3.80
case30 fsr 1.28 1.07 0.66 6.24 4.70 2.82

case30 ieee 0.84 1.22 1.33 5.14 5.86 6.06
case39 epri 1.16 6.92 1.29 6.32 21.50 3.14
case57 ieee 1.77 4.22 10.31 4.98 3.72 7.94

case73 ieee rts 6.20 2.17 11.571 9.88 1.62 66.54
case89 pegase 9.23 13.56 17.60 6.04 5.26 7.82

case118 ieee 10.15 10.71 9.77 10.08 5.96 6.42
case162 ieee dtc 10.04 35.18 53.72 4.88 9.68 8.82

case189 edin 2.98 53.40 58.08 2.16 7.98 8.18
case240 wecc 12.34 117.78 148.16 1.16 10.88 10.10
case300 ieee 1621.78 360.99 301.32 8.90 7.98 10.32

case1354 pegase 15.90 2172.23 2363.19 1.16 7.68 9.10
case1394sop eir 70.78 777.66 1427.87 3.72 6.12 5.40
case1397sp eir 146.47 1298.15 660.12 3.90 6.40 4.60

case1460wp eir 157.06 1418.58 728.84 4.72 6.90 5.66

TABLE III: OGF: Average CPU times and number of optimizations (50 runs) for parameters α � t0.1, 1.0, 2.0u and β � 1%.

α 0.1 1.0 2.0 0.1 1.0 2.0

Benchmark Time (s) Time (s) Time (s) Opt. Opt. Opt.

24-pipe 2.34 0.67 1.77 20.56 6.20 6.22
GasLib-40 34.74 141.16 132.65 26.50 33.48 28.82

GasLib-135 21.63 28.91 214.57 12.96 8.74 25.80

works, the bilevel model produces several orders of magnitude
improvements over the HPR. The gains are less pronounced
on the electricity systems, but remain substantial. Note that
obfuscation methods with a few percents of cost difference
mean an obfuscation error of hundreds of millions of dollars
in energy systems.

f) Obfuscation Quality: Tables VI and VII report the L2-
distances to the original loads for the high-point relaxation, the
bilevel model, and the load vector d̃ (which typically produces
infeasible problems). The results are averaged over 50 runs.
The results show that the fidelity of the bilevel model (i.e.,
how close d� is to do) is extremely high, and often improves
over the fidelity of the HPR. Finally, the bilevel model has a
much higher fidelity than the Laplace mechanism.

VII. CONCLUSION

This paper presented a bilevel optimization model for
postprocessing the differentially private input of a constrained
optimization problem. The model restores the feasibility and
near-optimality of the optimization problem. The paper shows
that the bilevel model can be solved effectively under a natural
monotonicity assumption by alternating the solving of the
follower problem and the solving of a novel optimization
model that maximizes a proxy of the true objective. Ex-
perimental results on large-scale nonconvex constrained opti-
mization problems with more than 104 variables demonstrate
the accuracy, efficiency, and benefits of the approach. They

also validate the monotonicity assumptions empirically. Future
work will be devoted to understanding and characterizing
theoretically the solution space around optimal solutions.
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TABLE IV: OPF test cases: Average OPF cost difference (in %) for parameters α � 0.1 and β � t10%, 1%, 0.1%u.

Bi-level High-point

βp%q 10% 1% 0.1% 10% 1% 0.1%

case14 ieee 0.1 0.1 0.0 -4.9 -6.2 -6.3
case24 ieee rts 0.0 0.4 0.1 -0.1 -1.6 -1.9

case29 edin -0.0 -0.0 0.0 -0.0 -0.0 -0.1
case30 as 0.7 0.3 -0.1 -1.1 -2.3 -2.4
case30 fsr -0.1 0.3 -0.1 -6.2 -6.8 -6.9

case30 ieee -0.3 0.1 0.0 -2.7 -1.8 -1.6
case39 epri -0.2 -0.0 0.0 -0.2 -0.4 -0.7
case57 ieee 1.5 0.4 0.1 1.4 -0.6 -1.0

case73 ieee rts -0.4 0.1 0.0 -0.4 -1.1 -1.4
case89 pegase -0.3 -0.1 0.0 -0.3 -0.4 -0.6

case118 ieee -0.0 0.3 0.0 -0.0 -1.6 -2.0
case162 ieee dtc 2.6 0.5 0.1 2.3 -0.1 -0.7

case189 edin 9.2 1.0 0.1 9.2 0.8 -0.1
case240 wecc 0.4 0.1 0.0 0.4 0.1 -0.2
case300 ieee 8.9 0.9 0.1 8.8 0.9 0.1

case1354 pegase 0.0 0.0 0.0 0.0 0.0 -0.1
case1394sop eir 9.8 1.0 0.1 10.3 1.2 0.3
case1397sp eir 10.0 1.0 0.1 10.5 2.0 0.7

case1460wp eir 9.8 1.0 0.1 14.6 1.5 0.7

TABLE V: OGF test cases: Average OGF cost differences (in %) for parameters α � 0.1 and β � t10%, 1%, 0.1%u.

Bi-level High-point

βp%q 10% 1% 0.1% 10% 1% 0.1%

24-pipe -3.1 -0.3 0.0 -12.1 -13.7 -14.1
gaslib-40 2.5 0.3 0.0 -31.5 -38.1 -39.0

gaslib-135 1.3 0.2 0.0 -37.3 -38.4 -41.6

TABLE VI: OPF test cases: Average distance (L2, normalized to original scale) between obfuscated and original solutions for
parameters α � t0.1, 1.0, 10.0u and β � 1%.

Bi-level High-point Laplace

α (p.u.) 0.1 1.0 10.0 0.1 1.0 10.0 0.1 1.0 10.0

case14 ieee 0.67 4.48 10.32 0.67 4.51 10.60 0.71 7.08 70.82
case24 ieee rts 0.13 1.11 3.61 0.13 1.11 3.63 0.13 1.34 13.39

case29 edin 0.01 0.09 0.82 0.01 0.09 0.82 0.01 0.09 0.87
case30 as 0.84 3.34 4.45 0.84 3.35 4.49 0.97 9.74 97.43
case30 fsr 1.42 5.47 7.40 1.43 5.49 7.47 1.66 16.61 166.14

case30 ieee 0.88 3.86 5.46 0.88 3.88 5.60 0.97 9.74 97.43
case39 epri 0.06 0.60 2.44 0.06 0.60 2.44 0.06 0.62 6.24
case57 ieee 0.34 2.38 6.64 0.34 2.42 7.56 0.35 3.51 35.14

case73 ieee rts 0.13 1.11 3.65 0.13 1.11 3.67 0.13 1.32 13.19
case89 pegase 0.06 0.53 2.64 0.06 0.53 2.86 0.06 0.56 5.60

case118 ieee 0.40 3.03 6.85 0.40 3.04 6.87 0.40 3.99 39.89
case162 ieee dtc 0.09 0.68 1.59 0.10 0.69 1.61 0.10 0.96 9.62

case189 edin 0.34 2.05 3.92 0.34 2.07 4.18 0.35 3.50 35.05
case240 wecc 0.01 0.12 0.99 0.01 0.12 1.01 0.01 0.12 1.23
case300 ieee 0.10 0.85 3.69 0.10 0.86 4.46 0.11 1.07 10.65

case1354 pegase 0.14 1.26 5.47 0.14 1.26 6.21 0.14 1.36 13.59

TABLE VII: OGF test cases: Average distance (L2, normalized to original scale) between obfuscated and original solutions
for parameters α � t0.1, 0.4, 1.0u and β � 1%.

Bi-level High-point Laplace

α (p.u.) 0.1 0.4 1.0 0.1 0.4 1.0 0.1 0.4 1.0

24-pipe 0.32 1.24 2.68 0.34 1.29 2.71 0.36 1.43 3.58
gaslib-40 2.04 7.66 22.13 1.95 7.51 16.54 2.01 8.03 20.07

gaslib-135 0.72 2.78 7.30 0.72 2.75 6.46 0.72 2.88 7.19
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Fig. 4: 24-pipe (left) Gaslib-40 (right): OGF cost as a function
of the L2-distance to δ̃ for parameters α � 0.1 and β � 10%.
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